FINITE-ENERGY GLOBAL WELL-POSEDNESS OF THE 
MAXWELL-KLEIN-GORDON SYSTEM IN LORENZ GAUGE 



SIGMUND SELBERG AND ACHENEF TESFAHUN 



Abstract. It is known that the Maxwcll-Klcin-Gordon system (M-K-G), when 
written relative to the Coulomb gauge, is globally well-posed for finite-energy 
initial data. This result, due to Klainerman and Machedon, relies crucially on 
the null structure of the main bilinear terms of M-K-G in Coulomb gauge. It 
appears to have been believed that such a structure is not present in Lorenz 
gauge, but we prove here that it is, and we use this fact to prove finite-energy 
global wcll-posedness in Lorenz gauge. The latter has the advantage, compared 
to Coulomb gauge, of being Lorentz invariant, hence M-K-G in Lorenz gauge 
is a system of nonlinear wave equations, whereas in Coulomb gauge the system 
has a less symmetric form, as it contains also a nonlinear elliptic equation. 



1. Introduction 

Points in Minkowski space R 1+3 are written (a; , x 1 , x 2 , x 3 ), and 8^ denotes the 
partial derivative with respect to x M . Often we split the coordinates into the time 
variable t — x° and the space variable x = (x , x , x ), and we write 8t = 8q and 
V = (81,82, 83). Roman indices j, k, . . . run over 1, 2, 3, greek indices /x, v, . . . over 
0, 1, 2, 3, and repeated upper/lower indices are implicitly summed over these ranges. 
Indices are raised and lowered using the Minkowski metric diag(— 1, 1,1,1). 

The Maxwcll-Klcin-Gordon system (M-K-G) describes the motion of a spin-0 
particle self-interacting with an electromagnetic field. It is obtained by coupling 
Maxwell's equation for the electric and magnetic fields E, B : R 1+3 — > R 3 with the 
Klein-Gordon equation for a scalar field <fi: R 1+3 — > C, and reads 

(1.1) V-E = p, V-B = 0, VxE + <9 t B = 0, V x B — <9 t E = J, 

(1.2) Dl A) D (A) ^4> = m 2 4>, 

where m > is a constant and 

(1.3) D^=d M -iA ll 

is the gauge covariant derivative corresponding to a real-valued 4-potcntial A = 
{^j>=o,i.2,3 representing the electromagnetic field: 

(1.4) B=VxA, E = VA -9 t A, 
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where A = (Ai, A2, A3) is the spatial part of A. To complete the coupling, we 
specify the charge density p and the current density J in (1.1), namely 



p = -Im UD { A) A = - Im (<f>d t <l>) - \cj>\ 2 A , 

(1-5) . V , 1 _ 

J = Im(0V( A )0 = ImUV0) + |0| 2 A, 



where V^" 4 -* = (-D^, -D^i ^i" 4 '')- This choice of densities is dictated by the natural 



'3 

4-current density associated to the Klein-Gordon equation: 



J M =Im(0D^ ) c 

Note that p= J° = -J and J = (J 1 , J 2 , J 3 ) = (J 1; J 2 , J 3 ). 

Equations (1.1) and (1.2), coupled by (1.3)-(1.5), constitute the M-K-G system. 
The total energy of a solution, at time t, is 

£(*) = J / (\D^ A ^(t,x)\ 2 +m 2 \<f>(t,x)\ 2 + \E(t,x)\ 2 + \B(t,x)\ 2 ) dx. 

For a smooth solution decaying sufficiently fast at spatial infinity, the energy is a 
conserved quantity. 

Formally, the second and third equations in (1.1) arc equivalent to the existence 
of a potential A satisfying (1.4), but this potential is not unique. In fact, M-K-G 
is invariant under the gauge transformation 

(1.6) 0^0' = e ix cj>, A» — ► 4 = A, + d^ X , 

for any sufficiently smooth \ '■ K 1+3 — » M. That is, if (0, A) satisfies M-K-G, then 
so docs (<p\ A'), as can be seen from the identity '<f>' = e lx Djf'(f). 

Since the observables E, B, p and J are not affected by a gauge transformation, 
two solutions related by such a transformation arc physically undistinguishable, and 
must be considered equivalent. In practice, a solution is therefore a representative 
of its equivalence class, hence we have gauge freedom: We are free to choose a 
representative that suits our needs. 

Note that if we express also the first and fourth equations in (1.1) in terms of 
the potential A, then (1.1) is replaced by 

(1.7) UA^-d ll {d"A v ) = -J ll (□ = dfjd' 1 = -<9 2 + A) . 

In view of the gauge freedom, we can impose an additional gauge condition on 
A, which simplifies the analysis as much as possible. Looking at (1.7), an obvious 
choice is the Lorenz gauge condition, d^A^ = 0, or cquivalently, dtAo = V- A. Note 
that this does not uniquely determine A: The condition d^A^ = is preserved by 
the gauge transformation (1.6) for any \ satisfying = 0. 
In Lorenz gauge, the M-K-G system becomes 



f D^D^cj) = m 2 0, 



(1.8) 



UA= -ImUO^ 



d^A„ = 0. 



Another popular choice of gauge is the Coulomb gauge condition, V • A = 0, 
or equivalently PA = A, where P denotes the projection onto the divergence free 
vector fields on R 3 . Then (1.7) splits into a nonlinear elliptic equation AAq = p 
and the nonlinear wave equation DA = — PJ. The Coulomb gauge was used by 
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Klainerman and Machedon in [7], where the global well-posedncss of M-K-G for 
finite-energy data was proved (thus they recovered, in particular, the earlier global 
regularity result from [5]). The key observation made in [7] was that in Coulomb 
gauge the main bilinear terms in M-K-G have a so-called null structure, which 
cancels the worst interactions in a product of two waves. Without this structure, 
there would be no hope of proving local well-posedness of M-K-G in the energy 
class. Since the seminal work [7], it appears to have been widely believed that 
Coulomb gauge is distinguished with respect to the presence of null structure. But 
as we show in this paper, the structure is there also in Lorenz gauge. The first 
instance of null structure in Lorenz gauge for a nonlinear field theory was found for 
the Maxwcll-Dirac system by D'Ancona, Foschi and the first author in [3], which 
inspired the present work. 

The main advantage of Lorenz gauge is its Lorentz invariance, resulting in a 
more symmetric form of M-K-G than in Coulomb gauge, where one has to deal 
with the nonlinear elliptic equation for Ag, and the nonlocality of the system. 

On the other hand, one may argue that Coulomb gauge has the advantage that 
the potential A is uniquely determined by B, and A gains one degree of Sobolev 
regularity compared to B, whereas in Lorenz gauge the potential is not uniquely 
determined and appears to lose regularity compared to its initial data. This is not 
a problem, however, since the regularity of A as such is not an issue: Only the 
observables E, B represented by A are of interest, and these do not lose uniqueness 
or regularity, as we show here. 

This paper is organized as follows: In the next section we pose the correct initial 
value problem for M-K-G in Lorenz gauge, with finite-energy data, and we state 
our main theorem, which is that this problem is globally well-posed. This is then 
the analogue, in Lorenz gauge, of the result obtained in Coulomb gauge in [7]. In 
section 3 we demonstrate the null structure in Lorenz gauge, and compare it to the 
structure found in Coulomb gauge in [7]. In sections 4 and 5 we use this structure 
to prove local existence in the energy class, the main technical tool being product 
estimates in wave-Sobolev spaces. Using the conservation of energy we show in 
section 6 that the local result extends to a global one, and finally in section 7 we 
prove uniqueness of the solution. 

Some notation: H s (for any s £ I) and H s (for \s\ < |) are the completions 
of the Schwartz space 6>(R 3 ) with respect to the norms = ||(£) s / \\l 2 an< ^ 

= ||l£IV ||.£2! respectively, where /(£) = Tf(^) is the Fourier transform of 
f(x) and we use the shorthand (£) = (1 + 1£| 2 )^- We shall make frequent use of the 
embedding H 1 L 6 , where °-> denotes continuous inclusion. The space |V| _1 iJ s 
is defined by 

M" 1 ^ = -F- 1 {Jl^ : g G i 2 (K 3 )} = T~ X I? (|£| 2 <£) 2 * d£) 
with norm 

||l£K£>V \\ L 2- Equivalents, |V| _1 fl" s is the completion of S(R 3 ) with 
respect to this norm. Note that H 1 = |V| _1 .ff = |V| _1 L 2 . By splitting into low 
and high frequencies (|£| < 1 and |£| > 1), and using the embedding H 1 L 6 , we 
get IV^H 3 ^ L 6 + H s+1 . 

In estimates we use the shorthand X < Y for X < CY, where C 1 is a 
constant which may depend on quantities which are considered fixed, such as the 
exponents of Sobolev norms involved in the estimate. Further, X = O(R) is short 
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for \X\ < R, X ~ Y means X < Y < X, and X < Y stands for X < C^Y, with 
C as above. We write ~ for equality up to multiplication by an absolute constant 
(typically factors involving 2tt, in connection with the Fourier transform). 

2. The main result 
We are interested in the Cauchy problem starting from data 

(2.1) <t>\t=o = <h, £)C^I*=o)0| t=o = C/, E| t=0 = E , B| t=0 = B , 
such that the initial energy, 

(2.2) 8(0) = \( (\U(x)\ 2 + m 2 \Mx)\ 2 + |E (x)| 2 + |B (x)| 2 ) dx, 

is finite. In view of (1.1) and (1.5), we must assume 

(2.3) V • E = po = - Im (0 o £/o) , V ■ B = 0, 

where U is the first component of U = (U 0} Ui,U2, U 3 ) = (U ,U). 

Even with the Lorenz condition imposed, there is still some gauge freedom: 
The initial covariant derivative in (2.1) depends on A| t= o, which is not uniquely 
determined. There is, however, a natural choice of ^4|t=o which allows one to control 
it by the energy, as we now discuss. 

Writing {A,dtA)\ t= o = (a,d), and denoting the spatial part by (a, a), we get 
from the Lorenz condition and Maxwell's equations the constraints 

(2.4) d = V • a. B = V x a, E = Va - a. 

Set ao = do = 0. Then (2.4) uniquely determines a <G H 1 and a € L 2 , and 
(2-5) Hallux < C ||B || ia , ||a|| L2 = ||Eo|| L2 , 

assuming 8(0) < oo. 

Remark 2.1. Our choice of initial gauge is justified by gauge freedom: Suppose 
{4>,A) is a solution of (1.8). Let \ be the solution of 

(2.6) nx = 0, A X (0) = -V-a, d tX (0) = -oq, 

and apply the gauge transformation (1.6). Since = 0, the Lorenz condition is 
preserved, and by the choice of data for \ we have a' = and V • a' = 0; then in 
view of the Lorenz condition, we further have a' = 0. 

Remark 2.2. Although V ■ a = 0, our initial gauge is not Coulomb. Indeed, the 
latter requires a special choice of ao obtained by solving a certain elliptic equation, 
and is not compatible with our choice ao = 0. 

By our choice of initial gauge, we get the constraint 

(2.7) ^=(^ Oj U) = (0i,V0 o -*0oa) I 

where we write tfii = dt4>\t=o- Then the assumption £(0) < oo implies tfio € H , as 
the following lemma shows. 

Lemma 2.3. Suppose we are given cf> € L 2 (R 3 ;C) and a € i5f 1 (K. 3 ; R 3 ). Define 

U = V0 O - i^oa, 
and assume that UcL 2 . Then <fio £ H , and 
(2-8) ||V0 O || L2 <2||U!| i2 +C!|a|| 2 fl ||0 o || L2 , 
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where C is an absolute constant. 



Proof. Write V0o = U + V, where V = i<f)Q&. Since a € H 1 C L 6 , we have VeL?, 
hence V0o € L 2 + . We claim that this implies <po € £ 6 + L 3 . Granting this 
for the moment, we get </>o € (£ 6 + L 3 ) D L 2 C L 3 , but this implies V <E L 2 , hence 
V</>o G -k 2 , which is what we wanted. 

To prove the claim, </>o £ L 6 + L 3 , we use the fact (see [12, Ch. V]) that 

|/| < C7i(|V/|) forall/eC c °°(M 3 ), 



(2.9) 

where 7i/ = (— A) - ^/ 



: / is a Ricsz potential (here 7 > is a constant). By 



the LP inequality for potentials (see [12, Ch. V, Thm. 1]), ||/i(|U|)|| ie < C||U| 
and ||ii(|V[)|| i3 < C ||V|| 3 , so via a regularization we get from (2.9) that 

\M < CIi(\V<p \) < Ch(\U\) + Ch(\V\) 

a.e. in R 3 . Thus, \<j>o\ < f + g, where / <G L 6 and g £ L 3 , hence ^ e I 6 + L 3 . 
Finally, we prove (2.8): 



||V0o|| L2 < ||U|| i2 



< IIUI 



L- 



5 0|| L 3 

|l/2 



a 



L 1 ' 



|l/2 



< IIUI 



< IIUI 



||V0 o || L2 +C'|l0o|| i2 N^, 



□ 



II Collie H^olliV ||a_ 

CIlV^ll^ll^oll^Hall^ 
1 
2 

where Young's inequality was used at the end. 

In view of Lemma 2.3, and our choice of initial gauge, which guarantees a £ H 1 , 
the assumption £(0) < 00 is equivalent to 

0| t= o = </> o e J ff 1 (M 3 ;C), 

^0|*=o = 0i eI 2 (i 3 ;C), 

E|t =0 = E eL 2 (K 3 ;M 3 ), 

B|t=o = B e L 2 (M 3 ;K 3 ). 

>i (recall (2.7)), the constraint (2.3) becomes 



(2.10) 



Note also that, since Un 



(2.11) 



V-En 



Im 1 



V • B = 0. 



Remark 2.4. The role of the constraint (2.11) is to fix the curl-free parts of Eo 
and Bo in L 2 . Then cf>o £ H 1 and <pi £ L 2 can be chosen arbitrarily, as can the 
divergence- free parts of Eo and Bo in L 2 . Indeed, (2.11) determines the curl- free 
part of E , namely E^ f = A _1 V(V • E ) = -A _1 VIm (</>o0i) , and this belongs to 
L 2 since (— A)~sV is bounded on L 2 and 



(-A)-i (0 o 0i) <c||0o0i|L4 <c\\<t> \\ L 3\\<t>i\\ L z <c\\M& WM 



L 2 ' 



where we used again the LP inequality for potentials (see [12, Ch. V, Thm. 1]). 

We can now state our main result. 

Theorem 2.5. Given finite energy data (2.10) satisfying (2.11), set a® = do = 0, 
and let (a, a) e H^R 3 ;^ 3 ) x L 2 (R 3 ;M 3 ) be the unique solution of (2.4). 



(i 
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There exists a unique global solution 

4> g C*(M; H 1 {M 3 ;C)) n C 1 (K; L 2 (R 3 ; C)), 
E,B g C(M;L 2 (R 3 ,R 3 )), 

o/ the M-K-G system (1.1) -(1.5) with initial condition (2.10), relative to a real- 
valued ^-potential A such that 

A,d t AeC(R;V'(R 3 )), d^A^ = 0, (A,d t A)\ t=0 = (a,a), 

and such that the total energy is conserved: 

£{t) = £{0) for all t, 

where £(0) is given by (2.2), with U defined by (2.7). 

For the potential A we can only prove the regularity A g C(R; H 1 + H 1 - 5 ) and 
d t A g C(R; H~ 5 ) for any 8 > 0, suggesting a small loss of regularity compared to 
the data (a, d). But as noted, the regularity of A as such is not of interest. 

The main step in the proof of Theorem 2.5 is to obtain local well-posedness; the 
global result then follows by conservation of energy. By a contraction argument, 
the local well-posedness is reduced to proving certain nonlinear estimates in X s ' b 
spaces adapted to the linear part of the evolution, and here the null structure in 
Lorenz gauge is crucial: without it, the estimates would be just out of reach. Once 
we have the required structure, which is the main new contribution made here, we 
can reduce to known product estimates for the X s ' b spaces in question. 

The contraction argument does not give the unconditional uniqueness as stated 
in Theorem 2.5, but only uniqueness in the smaller contraction space. To prove the 
unconditional uniqueness, we use arguments similar to those in [14] and [10], which 
rely fundamentally on the fact that the problem we are considering is subcritical; for 
M-K-G, the scale invariant regularity for (f> is H 2, whereas the energy corresponds 
to H , so the problem is energy-subcritical. In this connection, we mention that in 
Coulomb gauge, local well-posedness has been proved almost all the way down to 
the critical regularity; see [9], and also [1]. We do not investigate here how far down 
in regularity one can go in Lorenz gauge, but it is clear from our proof that one can 
go at least some way below energy (there is some headroom in all the estimates). 
Low regularity results have also been obtained (for the Yang-Mills equations) in 
the temporal gauge, but are limited to small data; see [13]. 

We remark that, since local well-posedness is proved by a contraction argument 
based on estimates in X s ,b type spaces, it is a standard fact that the solutions in 
Theorem 2.5 enjoy continuous dependence on the data and persistence of higher 
regularity: {(f>, dt4>, E, B) depends continuously on the data (2.10), (2.11) in X = 
H 1 x L 2 x L 2 x L 2 , locally uniformly in time with values in the same space X, and 
higher Sobolev regularity of the data persists for all time, in the sense that if the 
data belong to X k = H 1+k x H k x H k x H k for some k > 0, then the solution 
describes a continuous curve in X* for all time. In particular, this means that our 
solutions are limits, again locally uniformly in time with values in X, of smooth 
solutions with initial data. 
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3. Null structure of M-K-G in Lorenz gauge 

Using the definition (1.3) of and the Lorenz gauge condition d^A^ = 0, 

we write the first two equations in (1.8) as 




(□ - m 2 )0 = M(A, (jy) = 2iA^d^ + ApAffa 
DA = J\f(A, (/)) = - Im {(jxht>) - A\<j)\ 2 . 



The key terms here are the bilinear ones; the cubic terms turn out to be much 
easier to control, since they do not contain derivatives. 

3.1. Null structure of the term A^d^cj). Recall the splitting of A (or indeed 
any vector field on R 3 ) into its divergence-free and curl-free parts: 

(3.2) A = -A _1 V x V x A + A- X V(V • A) = A df + A cf . 

v ' v * ' 

divergence-free curl-free 

Now expand: 

(3.3) A^d^4> = {-Aodtcj) + A cf • V0) + A df ■Vq>=P 1 +P 2 . 

The term P 2 was shown by Klainerman and Machcdon [7] to be a null form: 

(3.4) P 2 = A df • V<t> = <> u i),,r i ;) ! ,> = (V»( x V<j>)\ 

where w = A _1 V x A = A _1 B. 

Here wi = w l denotes the Z-th component of a 3-vector w, e* kl is the Levi-Civita 
symbol, and we use the summation convention. 

Our main new observation is that the term P\ is also a null form. Note that 
this term was not an issue in [7], since there the Coulomb gauge was used, and 
then A ci = 0, whereas Aq solves an elliptic equation and therefore has sufficiently 
good regularity properties so that no special structure is needed to control Aodt4>. 
In Lorenz gauge, on the other hand, the term Pi must be dealt with, and we now 
show how this is done. 

First observe that if we assume the Lorenz gauge condition, then d t Aq = V • A, 
hence A cf = A~ 1 Vd t A . Therefore, 

(3.5) Pi = -A Q d t <j> + A cf • = -A d t( j) + A^ViMo ■ V>. 

Now if we denote the space-time Fourier variables of Aq and by (r, £) and (A, rf), 
respectively, where r, A <E K are the temporal frequencies and £, rj £ R 3 are the 
spatial frequencies, then the symbol of Pi is — iX + zV-feS-, an d this vanishes if (r, £) 
and (A, if) are parallel null vectors, that is, if r = ±|£| and (A, r/) = c(t, £) for some 
c £ R. Thus, Pi is a null form. It is possible to quantify the null cancellation 
in terms of the angle between the space-time frequencies, but it turns out to be 
more convenient to get rid of the temporal frequencies in the null form symbol, 
by splitting Aq and <f> using standard spectral decompositions for the wave and 
Klein-Gordon equations, which we pause to recall here. 

Let us start with the homogeneous wave equation \3u = 0, which can be written 
as a first order system: ( " t ) = j)(„" ), where u t = dtu. Diagonalizing the 

symbol ^_|°| 2 > one ^ s 1°°- t° the transformation (u,ut) — > (ii+,it_), where 

u± = i( u ±( i |V|)- 1 u t )- 
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Here |V| = \J — A is the multiplier with symbol |£|. Obviously, 

u = u + + u_, u t = i|V|(u_|_ — U-), 

and Du = splits into the pair of equations (id t ± |V|)u± = 0. More generally, 
the inhomogeneous equation Du = F splits into the pair of equations 

(id t ±\V\)u± = -(±2\V\)- 1 F. 

Moreover, the same statements hold for the Klein-Gordon equation (□ — m 2 )u = F, 
except that |V| is then replaced by the multiplier (V) m = V m 2 — A with symbol 

(Om = Vm* + iei 2 . 

Applying these decompositions to (3.1), we therefore define 



(3.6) 



4>± = ^(<j>±{i{v) m )- 1 4>t) 

A ± = l(A±(i\V\)- l A t ), 



thereby transforming (3.1) to 

f {id t ±{V) m )4>± = -(±2(V) m )- 1 M(A,, 

i (^±|v|)^ ± = -(±2|v|)-W(A0). 



(3.7) 



Now (j) = (j> + + (j>_, d t (j> = i{V) m (<t>+ - <j>-), A = A ,+ + Aq - and d t A Q = 
i|V|(Ao,+ — so from (3.5) we get 

iPi = (Ao,+ + A 0l -)(V) TO (^ + - 4>-) + |V|- 1 V(>4o,+ - Ao,-) ■ V(0+ + <j>-) 

(3.8) = ± 2 2l (±1 , ±2) (A Oi±1 ,0 ±2 ), 

±1,±2 

where 

(3.9) 2l (±i , ±i) (/,<?) = /(V) m .g + |V|- x V(±i/) • V(± 2 <?) 

is a bilinear operator acting on functions of x. Fourier transformation in x gives 

(3.10) 7-(2i (±ii±i) (/ )5 ))(0= / a(± u ± a )(ri,t-v)f(vm-n)*n, 

where 

fii-n ,, i r\ ~ /A (±1^7) ■ (±2C) 
(3-11) d(± 1 ,± 2 )W ! C) - (Om rn ■ 

The following estimate shows that, up to a harmless lower order term due to the 
positive mass m in the Klein-Gordon equation, 2l(± 1 .±,) is a null form in the sense 
of [4]. We write 9(r], £) for the angle between nonzero vectors r/, ( £ K 3 . 

Lemma 3.1. \txr± lt ± 2 )(r], ()\ < m + \C\9(± 1 r/, ± 2 C) for all nonzero i),(€l 3 . 

Proof. Without loss of generality take ±i = ±2 = +. Then we estimate 

{Om - = (V™ 2 + id 2 - ici) + id (1 - - om + ici o o 2 ) . 

Note that this is actually stronger than what we need, since the angle is squared. □ 
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3.2. Null structure in the Maxwell part. There is no null structure in the 
bilinear term Im((/)d(j)) in the equation for A (the second equation in (3.1)), but 
as remarked already, it is the regularity of E, B which is of interest, not that of A, 
and the equations for E, B do exhibit null structure, independently of the gauge. 

From Maxwell's equations we have DE = dt J + Vp and DB = —V x J, where p 
and J are given by (1.5), hence 



(3.12) 



□E = Im (d t - V<H0) + d t (A|</»| 2 ) - V(A)H 2 ), 
□B = - Im (V</> x V0) - V x (A|0| 2 ) . 



Here dt<fiS7cj) — V0<9f0 and V</> x V0 are vectors whose components consist of the 
null forms Qoj(4>, <j>) and Qij(<fi, </>), respectively, where Qaj{u, v) = dtudjV — djudtv 
and Qij(u,v) = diudjV — djudtv are Klaincrman's null forms. For our purposes, 
however, it is better to recast the null structure in terms of the splitting cf> = 
as we did for Pi in (3.8). Recalling that dt4> = i(V) m (0+ — 0_), we find 

(3.13) W"VW= 2 (±il)(± a l)«8 (±I)±a) (^ ±1 ,0 ±a ) ) 

±1,±2 

(3-14) V0xV0= 51 £ (±i,± 2 )(^±i^±2) 

±1,±2 

where 



(3.15) B(± ll±a )(/,$) = * ((V) m /V(± 25 ) + V(±i/)(V) to5 J , 

(3.16) £(± l!±2 )(/,ff) = V/x v£, 
and the associated symbols are, respectively, 

(3-17) b (±1 , ±2) (r/,C) = (*?>m(± 2 C) - (C>m(±ir?), 

(3-18) c (±1 , ±2) (ry,0 = n x £ 

which satisfy the following estimates, demonstrating the null structure (in the case 
of b(± li ± 2 ) up to a lower order term due to the positive mass m): 

Lemma 3.2. For all nonzero r\ 1 £ <G R 3 ; 

(3.19) |b (±1 , ±2) (77,C)| < m(M + ICI) + M|C|0(±i??,±2O, 

(3-20) |c (±li±2) ( ? 7,C)|<|r?||CI^(±i»7,±2C)- 

iW Since |c (±li±a) (77,C)| = If * CI = l(±if) X (±aC)l = MICI sin^i^, ± 2 C), we 
get (3.20). For (3.19), we may assume without loss of generality that ±i = ±2 = +. 
and we write 

(v)rnC (OrnV = (V^+W \v\) C + MC - (V™* + Kf - ICl) V \C\V- 

Taking absolute values, and noting that the two terms in parentheses are O(m), 
we reduce to checking that ||?7|C — \C\v\ ^ M 0- But this is clear, since the 
square of the left hand side is 2|^| 2 |C| 2 (1 — cos6>(?7, £)). □ 
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4. Local well-posedness, part I 

Wc first prove local existence for (3.7), with unknowns (<p+, <j>-, A+, A J), so we 
need to express Ai(A,(f>) and Af(A,<f>), defined as in (3.1), entirely in terms of 
(4>+, </>_, A +1 A—) and their spatial derivatives (no time derivatives should appear, 
since (3.7) is hrst order in time). This can be achieved by writing 4> = <p + + (f>- 
and A = A+ + A_, and replacing dt<f> by z(V) m (0+ — </>-)■ However, for the 
term 2iA fi d fJ '(f>, appearing in Ai(A,(f>), we do something less obvious: Write it as 
2i(Pi + P2), where P2 is the null form in (3.4), and P\ is expressed as in (3.8); 
note that the latter relies explicitly on the assumption that we are in Lorenz gauge, 
and this assumption will eventually have to be justified (see the next section) when 
passing to the true M-K-G system. But in this section we consider only the resulting 
system of equations for ((/>+, 4>-, A+, A-), which reads: 

f (id t ±(V) m )<j>± = -(±2(V) m )- 1 fH( ( /» + >„,A + ,A_) 

1 (id t ±\V\)A ± = -(±2|V|)- 1 ^(0 + ,0„,A + ,A_), 



(4.1) 
where 



(4.2) 



<m(<j> + ,<j>-,A + ,A-) = 2 ±221 (±l,± 2 )(^O,±i,0± 2 ) 

±1,±2 



2i(A _1 V[(V x A)j] x V</>)' + A^A^cf), 



%>(cl> + ,ct>-,A + ,A-) = Im [«^<V) m (</>+ - <£_)] - A o |0| 2 , 

% 0_ , A + , A.) = - Im (<t>drf) - A| 0| 2 for j = 1, 2, 3. 

Here it is understood that cj) = </>+ + 0_ and A = A + + A_, by definition. The 
initial data are 

= I (<£ ± (i(V) m )"Vi) G H 1 , 



(4.3) 



2 

A±\t=o = \(a±{i\V\)- 1 a) e H 1 . 



We split A± into its homogeneous and inhomogeneous parts: 

A± = A { 1 ] + A£ h ', 

where (idt ± |V|) yl^" 1 = with initial data as in (4.3), whereas A± h - satisfies the 
second equation in (4.1), but with zero initial data. 

We shall use a contraction argument to prove local existence and uniqueness, 
and to this end we introduce X s ' b spaces associated to the operators (id t ± (V) m ) 
and (id t ± |V|), whose symbols are, respectively, — r± (£) m and — r± |£|. However, 
these symbols are comparable in the sense that 

(4-4) (-T±(Z) m )~{-T±\Z\), 

where (■) = y/1 + \ ■ | 2 , hence the X s ' b spaces corresponding to the two operators 
are in fact identical. Note that (4.4) holds since (£) m = |£| + (\jm 2 + |£| 2 - |£|) = 
|C|+0(m). 

Definition 4.1. For s,b G R, let X± b be the completion of the Schwartz space 



5(R + ) with respect to the norm 

\\u\\ xl , b = \\{0 s 
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where u(r, £) denotes the space-time Fourier transform of u{t,x). 

For T > 0, let X^ b (S T ) denote the restriction space to S T = (~T,T) x R 3 . We 
recall the fact that 

X S /(S T )^C([-T,T];H S ) for b > 1 

where <— » stands for continuous inclusion. Moreover, it is well-known that the linear 
initial value problem 

(-id t ± \V\) u = F, u|t=o=«0, 
for given F G X£ b_1 (Sr) and uq G H s , any s G ffi and 6 > r>, has a unique solution 
it € X± b (Sr), satisfying 

(4-5) \Hx^(s T ) < C b( T ) (ho\\ H * + \\F\\x^-\s T )) > 

where Cb is bounded as T —> 0. A proof of this, which applies to X s ' b spaces in 
general, can be found in [6]. Moreover (see, e.g., [4]), at the cost of a small loss of 
regularity for F, namely by replacing ||F|| x^ b ~ 1 (S T ) a ^ ove by ll-^'lljfJ.' i ' _I+E (S r ) ^ or 
some small e > 0, one can ensure that C&(T) = 0(T e ) as T —> 0, allowing one to 
deal with large initial data in a contraction mapping setup. Finally, in view of the 
estimate (4.4), the same statements hold with |V| replaced by (V) m , i.e., for the 
equation (—idt ± (V) m ) u = F. 

We shall prove the following local existence and uniqueness result. 

Theorem 4.2. Given any initial condition 

(0+,0_, A+, i4_)|t=o e H 1 x H 1 x H 1 x H\ 

there exists a T > 0, depending continuously on the data norm 
N a = IK^+,'? !) - I ^+,^ 4 —)|t=o||/ J -i xff i X iji X ij-i , 

and there exists a solution (</>+, 0_, A +1 A-) of (4.1) on St = (— T,T) x R 3 satis- 
fying the given initial condition. The solution has the regularity 

<j>± e x]; b (S T ) c Cd-T^IH 1 ), 
A^ } g ivr^^CSr) c Cd-T.rj.H 1 ), 
e x^- 5 ^(5t) C C([-T,T],ff 1 -' 5 ), 

/or some 6,/3 > i and any (5 > 0. Tfte solution is unique in this regularity class, 
for S > small enough. 

We use the obvious iteration scheme for (4.1), and denote the sequence of iterates 
by {</>± , A± }^ - The iterates </>±^ , A^ 1 are just the solutions of the homogeneous 
equations (idt ± (V) m ) <j>± = and (idt ± |V|) A±^ = 0, with the given initial data, 
hence by the linear theory discussed after Definition 4.1, we have G Xl; b (S T ) 

and G \V\~ 1 X±P(St) for every T > and every 6,/3 > |. Moreover, assuming 
henceforth T < 1, we have 

II4 0) L^ (St) <^o, |||vi4 0) L r(ST) <iVo, 

where iVo is the initial data norm. 
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The subsequent iterates 4>±^ , , for n > 1, are defined by solving (4.1) with the 
superscripts (n) and (n — 1) inserted on the left and right hand sides, respectively, 
and with the initial conditions given in Theorem 4.2. For A± it is crucial that we 
split into the homogeneous and inhomogeneous parts: 

where ^4™ h , (™) i s defined like A± , but with zero initial data. 

Applying the linear theory discussed after Definition 4.1, then by a standard 
argument, Theorem 4.2 reduces to proving, for e > small enough, the nonlinear 
estimates 

(4-6) ||(V)-^(0+,0_,A + ,A_)|| xii) _ 1+e < R 2 + R\ 

(4.7) |||V|- 1 Oft(^ + ,0_,A + ,A_)|| x i_„_ 1+E <R 2 + R 3 , 
for all 4>+,4>-, A+, A- 6 S(M 1+3 ), where 

R = J2 [W^Wx^ + min (\\M A ±\\x^ > Il^illxi-^) 

In particular, note that once we have proved this, then the analogous estimates 
with the norms restricted to St follow immediately. 

In addition to X± b , we shall make use of the wave-Sobolev space H s ' b , defined 
as the completion of 6>(R 1+3 ) with respect to the norm 

\H\ HS , = \\(0 S (\r\-m b u(r,0\\ L2 ■ 

Clearly, 

(4.8) IMI ff =,b < \\u\\ x s b for b > 0, 

(4.9) \\u\\ x s. b < \\u\\ Hs , b for b < 0, 



allowing us, in particular, to pass from estimates in X± b to corresponding estimates 
in H s,b , once the null structure (which depends on the signs) has been exploited. 
In the following subsections we prove (4.6) and (4.7), with 

b = \ + e, = 1-8, 

where e, 8 > are understood to be sufficiently small. That is, if we say that some 
estimate holds, we mean that it holds for e, 8 > small enough. 

4.1. The term 2l(± 1 ,± 2 )(^-o,±i) 0± 2 )- F° r this term, (4.6) can be reduced to (here 
we use (4.9)) 

(4.10) ^IIIVMI^-HML 

(4.11) / < \\u\\ x i-s,is \\v\\ ^ i 
where 



±2 



I = 



(±i,±2)( 7 ?j £ ^) ~/, n)v(T — A, f — r?) dA dr? 

(|r|-|C|)i- 2e 



and the symbol is given by (3.11). We may assume without loss of generality that 
u,v> 0, and we put the symbol in absolute value. Now we apply Lemma 3.1, and 
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estimate the angle using the following well-known fact related to the geometry of 
the null cone (a proof can be found, e.g., in [11]; see Lemma 2.1 there): 

Lemma 4.3. Assume s £ [0, ^]. Then for all signs (±i,±2), all A, /i £ M. and all 

nonzero r), f £ M 3 , 



0(±iv,±2Q 



< 



(-x± 1 \ v \) + (- f i± 2 \(: \)Y 

min((?7), (0) 



Applying this with s = | — 2e, and using Lemma 3.1, we get / < Ii+ 1-2 + h + h, 
where 



m(A, tj)v(t — A, £ — 77) dA d?y 
«CM)|£ - v\v{t - \,£-ri) 



mm((r/), (£ - 77)) 2 



-2e 



dAd? ? 



h 



h = 



(-X± 1 \r,\)iu(X,vM-v\v(r-X ) C-v) 



dAdry 



u(A, r/)(-(r - A) ± 2 |£ - r?|) * |£ - ^(r - A, ^ - 77) 



<M — iei>*- 



2e - 



dAd?y 



Using also (4.8), we can thus reduce (4.11) to the estimates 



(4.12) 







L- 


< 


U 


H 1 - 


5,1- 




IN 






||7J7J 


I- 


< 


u 


3 


-2b- 


5, 


1-5 


\\v\\ H o,i +e 




||w7J 


L- 


< 


u 


m- 


5,1- 


5 


\\v\ 




< 


|| 7J.7J 


L 2 


< 


u 


3 


-2e- 


5, 




\H H 0,i+e 




\\uv 


L 2 


< 


u 


h 1 - 


•■J 


-5 


h 




II™ 


H°>-i 


+2e 


< 


u 


3 

7Y2 


-2e- 


5, 


1-5 




, II™ 




+2e 


< 


u 


ff 1 - 


5,1- 


5 


M 


Hi" 2 *- ■ 



These are of the general form 
(4.13) ||w|| H - so ,_ 6o 
where s , si,s 2 ,b , 61,62 £ K. 



<C\ 



Definition 4.4. If (4.13) holds for all u, v £ 6>(R 1+3 ), we say that the exponent 



matrix 



• SO Si S 2 ' 

60 hi b 2 



is a product. 



Many estimates of the form (4.13) have appeared in the literature, but for a long 
time no systematic effort was made to determine necessary and sufficient conditions 
on (1° H ^) for it to be a product. With the recent work [2], however, such 
conditions, sharp up to some endpoint cases, are available to us. 

Note that if ( 1° ^ ) is a product, then so is every permutation of its columns. 
Using this fact, we see that all the estimates in (4.12) hold, for e,S > small, by 
the following result, proved in [2], about products of the form ( s ° s b \ H): 
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Theorem 4.5. Set bo = and assume 



4.14) 

4.15) 
4.16) 

4.17) 

4.18) 
4.19) 

4.20) 
4.21) 
4.22) 
4.23) 

as well as the exceptions: 



h,b 2 > 
h + b 2 > - 

s + s 1 +s 2 > 2- (6i+6 2 ) 
3 , 

s + si + s 2 > g ~ °i 
3 , 

s + si + s 2 > - - b 2 
s + si + s 2 > 1 

s + 2( Sl + s 2 ) > I 
si + s 2 > 
«o + S2 > 
so + si > 0, 



4.24) 
4.25) 
4.26) 
4.27) 
4.28) 
4.29) 



If bi = i, then (4.16) and (4.18) must be strict. 

If bi = |, then (4.17) and (4.19) must be strict. 

If b 2 = h, then (4.16) and (4.17) must be strict. 

Ifb 2 = \, then (4.18) and (4.19) must be strict. 

If bi + b 2 = 1. then (4.16) and (4.19) must be strict. 

We require (4.20) to be strict if so takes one of the values \, \, § — 2&i, 



26 2 or § 



2(61+62). 

If one of (4.16)-(4.19) is an equality, then (4.21)-(4.33) must be strict. 



(4.30) 

Then ( q l[ I* ) is a product. 

Wc have proved (4.11), and clearly (4.10) follows by the same argument except 
when u has spatial Fourier support in the region |£| < 1. But if this is the case, 
then by the IP inequality for potentials on M 3 we have 
(4.31)' 



\u(t)\\ 



< 



(1 - A)i +e u(t) 



< 



4-A)^|VKt) 



L 2 



|V|«(t)|| 



L 2 ' 



so we can simply estimate 



I<\WWv\\ L2 <\\u\\ 



|VHI, 2 <|||VN 



and use the fact that X± 2+£ Lfl/^. This completes the proof of (4.10). 



4.2. The term (A" 1 V[(V x A);] x Vcj)) 1 . After splitting A = A + + A_ and 
<f> = cf>+ + 4>-, the symbol satisfies (this follows as is in the proof of (3.20)) an 
estimate like the one in Lemma 3.1, but without the 0(rn) term, and with only one 
power of the angle. Therefore, the estimates in subsection 4.1 apply. 
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4.3. The term A^A^cj). For this term, (4.6) reduces to (here we use again (4.8) 
and (4.9)) 



(4-32) h 2 v\\ L2 <\\Mu\\ 2 H0 , i+e \\v\\ Hl , i+e 

\ L 2 < \\u\\ 2 Hl _ 6 ,i +e \\v\\ Hl ,i +€ . 



(4-33) \\u 2 v\\ L2 < \\ut ' a+e M la- 



For (4.32) use Holder's inequality and the embedding H 1 <^-> L 6 in x, as well as 
prove (4.33), we use Theorem 4.5 twice, obtaining 

4.4. The terms <fr± x (V) m ^± 2 and ^o^. For these terms, (4.7) reduces to (using 
again (4.8) and (4.9)) 

(4.34) HlvrHHL^o < \H H ,, i+ s IM^+s ■ 

First, if the spatial Fourier support of uv is contained in the region |£| < 1, then 
we can replace the left hand side by |||V| _1 (m;)|| i2 , and using the LP inequality 
for potentials in x we get 

IIVI^MIL, < II««II £;l | < Ml*!* S \H Hh o \\v\\ H o, i+e ■ 

If, on the other hand, |£| > 1 in the spatial Fourier support of uv, then we can 
replace the left hand side of (4.34) by UtoIIjj-^o, and the desired estimate holds by 
Theorem 4.5. 

4.5. The term A\<j>\ 2 . Then (4.7) reduces to, splitting into |£| < 1 and |£| > 1 as 
in the previous subsection, 

( 4 - 35 ) \\ u2 4 t2 a <hf Hl , h+e \\Mv\\ H0 , i+e , 

(4-36) IKHL,-§ ~ INi-i4+= NLi-*.£+« , 

(4-37) ||« 2 «|| J r a <Nl'i,4 + .|||V|«|| H o,i 



(4-38) h 2 v\\ L2 <\\u\t 1>i+e \\v 



L 2 < hf H l,i + e 



In fact, (4.35) holds by a large margin: Estimate the left hand side by the product 
of ||u|| L 2 L 3, |M| i00£3 and IMI^ao^e, and use the embeddings L\, LL 1 L\ 

and H°'i +e ^ Lfl? x to get 

( 4 - 39 ) V\* L \ < NU*+- W U K\.\+* IIIVM| W+ . ■ 

A similar argument gives (4.36). For (4.37) we estimate by the product of ||u|j L 2 L e , 
||u|| L oo i8 and |M| £ cc L 6. Finally, for (4.38) we use Theorem 4.5 twice, obtaining 

This concludes the proof of Theorem 4.2. 



16 



SIGMUND SELBERG AND ACHENEF TESFAHUN 



5. Local well-posedness, part II 

The local wcll-posedncss result in Theorem 4.2, for a modified system, was proved 
for arbitary data. In this section we prove that if the data have the form (4.3), 
with <f>Q, 4>i, a and a as in Theorem 2.5, then we have in fact a solution of the true 
M-K-G system in Lorenz gauge: 

Theorem 5.1. Consider the solution (0_|_, 0_, A+, AJ) of (4.1) on the time-slab 
St = {—T,T) x R 3 , obtained in Theorem 4-2, but assume now that the initial data 
are given by (4.3), where (f>o, 0i, a and a are as in Theorem 2.5. Then defining 
= <fi+ + <p- and A = A+ + A-, we have a local solution (0, A) of (1.8) on St, 
with data (0, <9 t 0)| t= o = (</>o,</>i) a,nd (A,dtA)\ t =o = (a, a). 

Moreover, defining E and B as in (1.4), we obtain a local solution with the 
properties described in Theorem 2.5, but with the time t restricted to (— T, T), and 
excluding uniqueness. 

For the proof of uniqueness, see section 7. 

We now prove Theorem 5.1. Since the right hand sides of the equations for (j> + 
and 0_ in (4.1) sum to zero, it is clear that <f> = <$> + + has time derivative equal to 
i(V} TO (0+-0_), and similarly d t A = i\V\(A+-A-). Now it follows that 91 in (4.2) 
is the same as TV in (3.1), and since □ = (id t + \V\)(id t -\V\) = (id t -\V\)(id t +\V\), 
it follows immediately that A = A + + A- satisfies the second equation in (3.1), 
which is the same as the second equation in (1.8). Moreover, it is clear from (4.3) 
that (^,d t 4>)\t=o = (0o, 0i) and (A, d t A)\ t=0 = (a, a). 

Next, we show that the Lorenz condition d^A^ = holds. By regularization of 
the data, and the fact that the solutions obtained in Theorem 4.2 enjoy continuous 
dependence on the data and persistence of higher regularity, we may assume that 
6 C™([-T,T] x M 3 ) and OA g C°°([-T,T] x R 3 ). Now define u = d^A^. Write 
u = u + where u± = —dtAo^± + V ■ A±. Then by the second equation in (4.1), 

(id t ±M)u ± = -(±2\\7\)- 1 D\(A,0), 

where 

m(A, 0) = Im (0(V) m {-W^I + itUI)) + Im (0A0) + 0"(^ M |0| 2 ) 

= Im(0(V) m {-[idt + (V) m ]0+ + [idt - (V) m ]0_)) +d^(A^\ 2 ) 

= Im (0OT(0+,0_,^+,A_)) + A^M 2 ) + \cf>\ 2 u. 

Here we used A0 = m 2 <f> — (V) m ((V) m 0+ + (V) m 0_) in the second step, and in 
the last step we used the first equation in (4.1). 

By the definition (3.9) and the fact that dt<fr = i(V) m (0+ — 0-) and dtA = 
i\\7\(A + — AJ), we know that the second equality in (3.8) is valid. Using this fact 
and the identity (3.4), we find 

9Jt(0+,0_,A + ,^_) = 2i {-A d t <j) + A^VdtAo • + A df ■ V0) +A li A' i <f>. 

But by definition, dtAo — V ■ A — u. Using also the identity (3.2), we get 

M(<j) + ,<j)-,A + ,A-) = 2i (A^cf)- A^Vit- V0) +A fl A fl <f>. 

After simplification we then find 

9t(A, 0) = 2 Re(0V0) ■ A" 1 Vu + |0| 2 u. 
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Therefore, 

Uu = 2 Rc(</>V0) • A" 1 Vw + \(j>\ 2 u. 

Since this equation is linear in u, and since <f> G C c °°([-T,T]xl 3 ), uniqueness holds. 
But by the construction of the data (a, a) in Theorem 2.5, u\ t= o = dtu\ t= o = 0, 
hence u vanishes on St, so the Lorenz condition d^A^ = is indeed verified there. 

With this information in hand, it follows immediately that 9H in (4.2) is the 
same as A4 in (3.1), and moreover, the first equation in (3.1) is the same as the 
first equation in (1.8). This concludes the proof of the first part of Theorem 5.1. 

It remains to prove that E and B, defined by (1.4), are continuous in time with 
values in L 2 , for t G [— T, T}. For this, it suffices to show E,B <G H°<s +e (S T )- By 
well-known linear estimates (see, e.g., [8]) this reduces to checking that 

(5.1) E| t=0 ,B| t=0 G L 2 and 5 t E| t=0 , 3 t B| t=0 G H' 1 , 

(5.2) □£,DBer 1 '-3+'(S r ). 

The left member of (5.1) holds by assumption (2.10), whereas to show the right 
member we use also Maxwell's equations (1.1): <9 t B| t= o = —V x E| t= o G H^ 1 and 
9 t E| t=0 = Vx B| t=0 — J|t=o G H~ l , where J|f=o G H^ 1 follows by estimating the 
two terms Im(0oV0o) an d |0o| 2a ! the nrs t term can be estimated as in Remark 2.4, 
and the cubic term is in fact in L 2 , in view of the embedding H 1 ^ L\. 

To prove (5.2), we use (3.12). For the bilinear terms, we apply (3.13) and (3.14), 
as well as the null symbol estimates in Lemma 3.2. Proceeding as in subsection 4.1, 
we then reduce to the following bilinear estimates: 





\uv 


\\h 


-1,0 


< 


H 


\ H o, 


i+s 1 




1 


\uv 


\\h 


-1,0 


< 


h\ 


1 

'H3 




-. \M H o.i 2 


uv\ 




1,— 




< 


h\ 


i 


,o \\V\ 




uv\ 




1,- 




< 


h\ 


l 







all of which hold for small enough e > 0, by Theorem 4.5. 

Now consider the cubic terms in (3.12). The terms V(Ao|</>| 2 ) and V x (A|</>| 2 ) 
are covered by (4.37) and (4.38), leaving dt(A\4>\ 2 ). Since dt<j> = i(V) m (^+ — </>-) 
and dtA = i\V\(A+ — A-), we reduce to estimating terms of the schematic form 
2 |V|^4 and A0|V|^. But since our norms depend only the absolute value of the 
Fourier transform, we can reduce (by the triangle inequality in Fourier space) to 
|V|(0 2 A) and ^40| V|0; since the first of these is covered by (4.37) and (4.38), it 
suffices to check the following: 

\\uvw\\ H _ lt _i +e < \\u\\ Hl _ 5i i +s \\v\\ Hl ,i +c \\w\\ HO i +e 

\\uvw\\ H -i, < |||V|M|| H o.i +e \\v\\ Hli i +e \\w\\ H0 ,i +e . 

6 

The last of these follows from (4.39), since Li H , whereas the first one follows 
by two applications of Theorem 4.5: 

\\uvw\\ H _ lt _i +e < ||u|| Hl _ 5 ,i +c \\vw\\ h s.o < ||u|| fl . 1 _ s ,j +(! \\v\\ Hl: i +e \\w\\ H0 ^ +e . 

This concludes the proof that E, B G C([-T, T];L 2 ). 

Finally, we note that by continuous dependence on the data and persistence of 
higher regularity, the solution (0, E,B) is a limit, in C{[—T,T];H l x L 2 x L 2 ), of 
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smooth solutions with data. This further implies convergence in energy norm, 
since, for small 5 > 0, 

\\D^ A U(t)\\ L2 < ||V0(t)|| i2 + C \\A(t)\\fr+&-> \m)\\m ■ 

In particular, therefore, energy conservation holds for our solutions, since it holds 
for the smooth solutions. 

6. Global existence 

Recall that the time T in Theorem 4.2 only depends on the initial data norm 
A*o. But in view of (2.8) and (2.5), Nq is controlled by the energy: 

No<£(0). 

Since the energy is conserved, this means that the time T will stay fixed if we 
iterate the local result from Theorem 4.2. So we extend the solution successively to 
intervals [(n— 1)T, nT] for n = 1, 2, . . . , and similarly in the negative time direction. 
At each step however, we have to make a gauge transformation as in Remark 2.1 in 
order to satisfy the hypotheses on the initial gauge in Theorem 4.2. After applying 
the local existence theorem we reverse the gauge transformation, so that the local 
solutions fit together continuously. 

To be precise, at the start of the n-th iteration step we construct x as m (2-6), 
but now with the data taken at time (n — 1)T, so ao and a in (2.6) come from 
the previous iteration step, hence we know from Theorem 4.2 that they belong to 
H 1 + H 1 ' 5 , for S > small. Therefore, 

□ X = 0, xdn-l^eH' + M-'H 1 - 6 , dtxdn-meH'+H 1 - 6 , 

whence 

d X € C^-H 1 +H 1 - 3 ), 
so the gauge transformation (1.6) preserves the regularity of <f> and A, namely 
4> G C(J; H 1 ) and A e C(I; H 1 +H x ~ s ), where / C R is the time interval. Moreover, 
the same is true of the inverse transformation, since it is obtained by replacing x 
by — x- ln particular, note that when we estimate the H 1 norm of <j>' given by (1.6), 
we need the fact that 

\\Vxtt)<Kt)\\v> Z IIVxWILa+L- \\m\m £ \\Vx(t)\\m-s+Hi UWWm ■ 

Note also that the Lorenz gauge condition is preserved by (1.6) and its inverse, 
since D\ = 0. 

This completes the proof of Theorem 2.5 up to uniqueness, which we prove in 
the next section. 

7. Unconditional uniqueness 

It suffices to prove the uniqueness on time intervals [0, T] for small T > 0. With 
the same assumptions on the initial data as in Theorem 2.5, suppose that 

G C([0, Ty.H 1 ) n C 1 ([0, T]; Ir 2 ), E,Be C([0, T]; I 2 ) 

satisfy the M-K-G system (1.1)— (1.5) with initial condition (2.10), relative to a 
real-valued 4-potential A such that 

A,d t AeC([0,T};V'(R 3 )), 0M„ = 0, (A,d t A)\ t= o = (a, a), 
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and such that 

8(t) = £{{)) for all t. 
Wc first make an observation concerning the regularity of A. By (1.8), 

(7.1) UA = -J, {A,d t A)\ t=0 = (a, a) £ H 1 x L 2 . 

But £{t) = 8(0) < oo implies D^(j> € LfL 2 xl hence J € LfiJ, which guarantees 
uniqueness of the solution of (7.1) in the class A,d t A G C([0,T};T>'(M. 3 )) . Splitting 
into homogeneous and inhomogeneous parts, A = A^ + A lnh -, it then follows from 
the energy inequality for the wave equation, and Sobolev embedding, that 

A<°> G C([0, T]; if 1 ), G C([0, T]; L 2 ), 

A inh - G C([0,T];Hi), 8 t A inh - G C([0,T]; if^). 

Now we split </> = <fi + + <f>- and A = A + + A- using the definition (3.6). 
Clearly, <f> + and <j>- belong to C([0, T}; if 1 ), whereas A + and A_ are well-defined 
in C^O.T^if 1 + Hi + (Vl^if"'), hence in C*([0,T];£ 6 + Hi), since if 1 ^ L 6 
and |V| _1 if~ 2 ^ L 6 + if 3 (cf. the remarks at the end of section 1). 

Now it follows that (<fi + ,<fi_,A + ,A-.) satisfies (3.7), or equivalently (4.1), on 
S T = (0, T) x M 3 , with initial data (4.3). We claim that 

(7-2) ll4° ) Li.i- ( « r) + |||V|4 0) ||^-. ( 5 r) <C ) 

(7.3) ||^± h -||^ e ,i- e(ST) + ||^± h -|| x ^-c,i- E(ST) < C, 

for sufficiently small e > 0, where C is a constant that does not depend on T (for 
T small). Note that (7.2) follows from (4.5); (7.3) is proved in subsections 7.1-7.3. 

Next, if (4>, A) is another solution with the same initial data (so the homogeneous 
parts are the same for the two solutions), and in the same regularity class, we 
introduce the quantity 





jinh. 


( 4 nh - 


-0± 



(St) 



A± h - - ^ lh - 



(7.4) A(T)=£ 
± 

Wc claim that for < e <C S < 1, 

(7.5) A(T) < CT E A(T), 

where C is independent of T > small. Granting this claim (see subsection 7.4 for 
its proof), then for T > small enough we get A(T) < ±A(T), hence A(T) = 0, 
and this proves the uniqueness. 

To prove (7.3), we start from the known facts <j>± G LfH 1 and D^cj) € LfL 2 x , 
and then we use the structure of the equations (4.1) (or equivalently (3.7)) to 
successively improve the regularity. To this end, we need the following: 

Lemma 7.1. Suppose 2 < q < oo and 2 < r < oo satisfy | < | + £ < 1. XTien 



£ IH v r ru ll H o,i-(i + i )+ ^ 



/io/ds /or any 7 > 0. 



Proof. Define = 2 - 2(± + ±) and e = 1 - Trfxfxy ■ Then G [0, 1] and e G (0, 1], 
and we have 

1 _ 9(1 -e) 1-6 l_6e 1-6 
q~ 2 + 2 ' r ~ T + 2 



20 



SIGMUND SELBERG AND ACHENEF TESFAHUN 



By the Strichartz type estimates for the homogeneous 3d wave equation, and the 
transfer principle, we have (see, e.g., [8]), for any A > |, 

lluii A 2 ^llivi 1 -^!)^. 

^ f Li 

Interpolating with ||w|| L 2 L2 = M| ff o,o, we get \\u\\ L q Lr < || M^ 1-6 ^!^^, and 
this gives the desired conclusion, since 9(1 — e) = 1 — -. □ 

Combining this lemma with the L p inequality for potentials (see [12, Ch. V, 
Thm. 1]), we get also, for q,r as in the lemma, 

Nlijigr £ |||V|u|| ff0>1 „ ( i + i )+T , 

and together with (7.2) and (4.9) this implies 

(7.6) A { ± ] G Lf^Ll r (S T ) for all 2 < r < oo, 

a fact we shall make use of below. 

7.1. First estimate for A± h \ Applying (4.5) to the second equation in (3.7), 
where Af(A, <t>) = - lm((f>DW ~$) (by (3.1)), we find that 



( 7 - 7 ) ll^± \\x»±\s T ) ~ ll^^ll 

for any s£l and b > i, which are still to be determined. On the other hand, we 
observe that 



(7.8) ||^D(^|| i?4( ^ < U\\ LrLUST) H^^ll^^j < oo, 

for any 1 < p < oo (recall that implicit constants may depend on T, which is fixed). 
Note that the right hand side is bounded since (f) G LfH 1 and D {A ^(j) G LfL\. 
But by Lemma 7.1, 

(7-9) ||u|| ^_ 3 <H^. i+ , (0<7<1). 

Therefore, by duality and (4.9), 



(7.10) UDWM .<\\<f>DWM 2 3 

holds with s = | and & = | — 7, for any 7 > 0. From (7.7)-(7.10) we conclude: 

(7.11) A£ h - G x|'*" 7 (5 T ) (V 7 >0). 
7.2. First estimate for 0|£ h \ We claim that 

(7.12) 0£ h - G x|'*~ 7 (S , T ) (V7 > 0). 

Applying (4.5) to the first equation in (3.7), where Ai(A,<p) is defined as in (3.1), 
we reduce to proving that Adcj) and A 2 (j) belong to X± 3 ' 6 7 (St)- But by the dual 
of (7.9), it suffices to prove that they belong to L t 1+7 LJ (St)- 

By Lemma 7.1 and (7.11), A^ h - G L^L 6 X (S T ), and A±* G L™L X (S T ) by (7.6), so 
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For A 2 cj), it suffices to estimate separately {A^) 2 (j) and (A mh ) 2 </>. For the former 
we write 

l^ (0)) ^L^!( ST) ~ l^" W) W^rms T ) < oo. 

On the other hand, by Lemma 7.1 and (7.11), we also have A± h - £ LfL^.(Sr), 
hence 

and this completes the proof of (7.12). 

7.3. Inductive estimates. We claim that, for m = 1,2, ... , 

(7.13) A^ h -,^ h - G X^ (m) ' 6(m) - 7 (5 T ) (V 7 > 0), 
where 

2 m 2 m +i -|- \ 

s(m) = , b(m) = —-, . 

v i 2 m + 1 v ' 2 m+1 + 2 

For m = 1, (7.13) holds by (7.11) and (7.12). 

We shall prove that if (7.13) holds for some m > 1, then it holds for m + 1 also. 

Interpolating (7.13) with ^ lh - € X^°(S T ) = L^H^St), we get 

^inh. g jjg-fl+(l-fl)s(m),(l-e)6(m)-e^ r j 

for all < 9 < 1 and e > 0. Take 9 = 2 J+ 1+1 to obtain 

(7.14) 0^ h - e x± (m+1), *" E (5 T ). 

But by Lemma 7.1, 

||U|| 2 2 < , +n 1 . 

for all sufficiently small e > 0, hence 

(7.15) ^ g L t 7 ™ T37 L^ 7 ™(5 T ). 

Of course, (7.14) also holds for <f>± , hence so does (7.15). Therefore, 



(7.16) ||^)0|| _2 <M 2^ \\ dW 4l-v> 
is finite, for any 1 < p < s(m+ 2 1)+fe . By (7.7), 

(7.17) ||^± h 'Hxj : < " ,+1) ' i>(m+1) ^ 7 (ST) ~ ll ( ^-^ ,( ' yl ^llx !,(m+1) ~ 1 ' 1,(m+1) ~ 1 ~' r (ST)' 



and Lemma 7.1 implies (to check this, note that 1 — b(m) = 1 for all m 

\\U\\ 2 =S < ||U|| l- s(m + l),l-i.( m + l) + 7 (0<7<1). 

L ( 1 -^L x s(m+1) A ± 

Then by duality, 

(7.18) HuH^D-i.K^D-i-^^j < \\u\\ l ^_ l ^l_ j ^ , 

We conclude from (7.16)-(7.18) that 

(7.19) G X s ± {m+1)Mm+1) - 7 (S T ). 
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It remains to prove G x s J m+1) ' b{m+1) "« (S T )- Applying (4.5) to the first 
equation in (3.7), and using again (7.18), we reduce to proving that Adcj> and A 2 (j> 

belong to Lj^ L't s{2m+1> (S T ). 



By Lemma 7.1 and (7.19), A± G L f s ' L 



s(m + l) T l-s( m + l) 



(St), so 



A 



inh. ' 



1^1 + ^2-^+1, 
,(0) 



< u 



inh. 



Similarly, by (7.6), j4£ ; G L^ 2 L% r (S T ) with r = m 



(l-s(ro+l)) ' 



so we have 



< oo. 



\A^&4 2 < |U(°)|| 

ll L 1 1 +^ I 2 -'l m+1 ) (S T ) "l^L^St) 



iir^(s r ) 



< oo. 



Now consider A 2 0. First, replacing A by .A^, we can write 



(7.20) ||(A(°)) 2 0| 



j 2-s(m+l) 



< IU (0) I 



{Si 



LfL%{S T ) \m\LfLKST) 



< OO, 



where - 

v 



l-s(nt+l) 



hence 2 < p < 6. Second, recalling that A 1 ^ G 



s(m+l) j l-s(m + l) 

oot2 „„ „!__ !,„,,„ /(inh. 



^ anc [ noting that by the embeddings H 



L\ andA^ +£ ^ 



LfL 2 x we also have A± h - G L^L^St), we can estimate 
(7.21) \\(A mh -) 2 ^ 1 



1 + 7 r 2-»(m + l) 



{St) 



A 



inh. 



li~il(S r ) H^lliril(ST) 



< oo. 



and this completes the proof of (7.13). 



7.4. Proof of the difference estimate (7.5). In this subsection, when we say 
that an estimate holds, we mean that it holds for < e -C S <C 1- Subtracting 
the equations (4.1) for (<f>,A) and (<p,A), and applying the linear estimate (4.5), or 
rather the modification of it discussed in the paragraph following it, we see that 

A(T)<C £ T"(a(T)+f3(T)), 

where 

a(T) = ||OT(0 + ,0_,A + ,A_)-OT(0 + ,0_,i+,l_) 
^(T) = |||V|- 1 (n(<j>+,<j>-,A + ,A-) A+,A-) 
Thus, it suffices to show that 

a(T),j3(T)<KA(T), 

where if is a polynomial expression in the norms appearing in the left hand sides 
of (7.2) and (7.3), as well as the corresponding norms for the solution (4>,A). But 
since 9JI and $1, defined as in (4.2), are multilinear operators, it suffices to prove 



(St) 



(7.22) 
(7.23) 



\\m^ + ,c/>_,A + ,A_ 



< 



||V|- 1 ^ + ,0_ ) ^+,A_)|| xl _ s , o < 



\\A\\\\n + \\A\\ 2 \m 

Ulf + WAWUf, 
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for all (/>+, <p-, A+, A- e <S(IR 1+3 ) (the analogous estimates restricted to St then 
follow immediately), where we write 

IMI = X>±ILi-..i + ., 
± - Y ± 

M =^min(|||V|A ± || x o, 1 -, ,||A±||_ Y i- 4 .i. 
± 

To prove (7.22) and (7.23), we proceed as in the proof of (4.6) and (4.7) (there 
is some headroom in the proof of the latter two). In the following subsections we 
consider one by one the bilinear and trilinear terms in 911 and 91. 

7.4.1. Bilinear terms in 9Jt. These have a null structure. Proceeding as in subsec- 
tion 4.1, we then need to check the estimates 



(7.24) 
(7.25) 

where u, v > and 
/ = 



/<|||VH| X 0,1-*|M| l-e,l +£J 
1 X ±2 



I < ||u|| x l-S,l-i ||u|| ! 



X 



±2 



(O s (\r\-\Z\)i- 



■2f 



i(X,t))v(t - A,f -17) dXdr} 



L 2 



with a symbol cr satisfying the estimate in Lemma 3.1. Using Lemma 4.3 with 
s = | — e — 5, we then get J < 7i + I 2 + ^3 + I±, where 



h = 



h = 



(0- E u(\,r,)v(T-X^-r,)dXdri 

"(A, V) |g ~ ~ A, g - rj) dA 

(0 £ min((7 ? ),(e-r ? ))^ 2e 

(-A±i |T?|)^u(A,T?)|g - t)\v{t - A,g - 77) 
(e) £ (|r|-|ei)^- 2e min((r ? ),(e-r ? ))^ 



i2 f 



dAdry 



Li 



h = 



i(A, r/)(-(r - A) ± 2 |£ - r?|) * |£ - »?|«(t - A, £ - 77) 



(0 £ (M-|^|)^ 2£ min(( ?? ),(e-r ? )) 5 
Using also (4.8), we can thus reduce (7.25) to the estimates 



dAd?? 



L'i 



(7.26) 







H 


-e,0 


< 


u 


H 1 - 


■ 6,1- 


*l 


H 








H 


-e,0 


< 


u 


3 

if3 


-2e- 


5, 1 


-« 






||ui> 


H 


-e,0 


< 


II 




-4,1- 


*l 


H 




< 


1 \ uv \ 


H 


-e,0 


< 


a 


3 




-4 


IN 






uv\ 


H 


-e,0 


< 


11 






-,i 


l« 




||m; 




i 

- 


+2e 


< 


u 


3 


-5,1 


-5 


l« 


_Jf-e,0 


, IIH 




1 

~ 2 


+2e 


< 


11 


H 1 - 


-«, 1- 


.1 


H 





All these hold by Theorem 4.5. This proves (7.25), and also (7.24) in the case where 
u has Fourier support in |£| > 1; if, on the other hand, u is supported in |£| < 1, 
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then denoting the spatial frequency of v by 77, so that uv has spatial frequency £ + 17, 
we have (S, + rj) ^ (77) , hence 

1 < imvhi h -.,o ~ ^(v) 1 -^)!^ < \\u\\ LOB || (v) 1 -^!!^ , 

so (4.31) yields (7.24). 

7.4.2. Trilinear term in 9Jt. To handle the term A^A^ip, we need the estimates 
(7-27) ||« 2 «L-«.o £ IHVkll^o,!-, 

(7-28) IKHIff-.o ^ llwllffi-j.i-i • 

For (7.27) we use Holder's inequality and the potential inequality ||/|| L 2 < HM e /IIlp 
where | = | + |, obtaining 

lh 2 «L-,° < Ih^'IL^p < ll u lli~L« > 

where 7 = g + f • Applying the potential inequality ||/|| Lr < || |V| 1_£ /|| L2 as well 

as the embeddings H 1 ^ L 6 and ^ LfL 2 x , we get (7.27). To prove (7.28), 

we use Theorem 4.5 twice, obtaining 

|KH| ff - e ,0 ~ |h 2 || H l +e ,0 ||f|l H l- E .l +e < ||u||tfl-*,l-« \\V || H l-s,£ +S • 

7.4.3. Bilinear terms in For these we need 

(7.29) HM^MLw.c < \M H -.,\ + . ■ 

If ui> has spatial Fourier support in |£| < 1, then the left hand side is comparable 
to |||V| _1 (uu)|| i2 ~ |||V| _1 ((V) £ u • {Vy e v)\\ L2 , which we dominate by 

\\{Vfu ■ <V)- £ Hl i?L f < ll(V)^|| L?i 3 W)- s v\\ LrLl < \\u\\ Hh+c . \\v\\ H _. ih+ . . 

If |£| > 1 in the spatial Fourier support of uv, we can replace the left hand side 
of (7.29) by || , and the desired estimate holds by Theorem 4.5. It is at this 

point that we need the assumption e <C 5. 

7.4.4. Trilinear terms in OT. These are schematically of the form A<f> 2 . Splitting 
into the output regions |£| < 1 and |£| > 1, we see that it suffices to prove 

(7-30) H u2w ll L?i f ~ \W V \ v \\ho,i-s , 

(7-31) ||u 2 u||^ 2i | < \\u\\ 2 Hl _ ei i +e \\v\\ H1 - SA - S , 

(7-32) \\u\\\ L2 ZMl^^^VH^-e , 

(7-33) |KHIff-«.0 ^ ||u|| 2 ? l-e,J +e \\v\\ H l-S,l-6 ■ 

The first two follow from Holder's inequality and Sobolcv embedding (much as in 
the proof of (4.35)). Next, write 

,2„,|| ^ IL.2II 1 1 „ . 1 1 <- IL.2 



\U V\ 



L2 < \\u \\ L 2 L 3 M\ L rL% - H U ll ff i,0 |||V|W|| H 0,1-S 



w 

prove (7.33) we apply Theorem 4.5 twice, obtaining 
This concludes the proof of uniqueness 



Since ||w 2 || ff i.,o < ||tt|| !_ Si i +e by Theorem 4.5, this proves (7.32). Finally, to 
) we apply Thi 

""jj-a.o £ ||M 2 || H i +e .o \\v\\ H i-s,i-s < \\u\\* Hl _ e ,i +e ||u|| H i_ 4 ,i. 



FINITE ENERGY M-K-G IN LORENZ GAUGE 



25 



References 

1. S. Cuccagna, On the local existence for the Maxwell-Klein-Gordon system in R 3+1 , Comm. 
Partial Differential Equations 24 (1999), no. 5-6, 851-867. 

2. P. D'Ancona, D. Foschi, and S. Selberg, Atlas of products for wave-Sobolev spaces, preprint 
(2009). 

3. , Null structure and almost optimal local well-posedness of the Maxwell-Dirac system, 

preprint 2008 (submitted). 

4. , Null structure and almost optimal local regularity of the Dirac-Klein-Gordon system, 

J. Eur. Math. Soc. (2007), no. 4, 877-898. 

5. D. M. Eardley and V. Moncrief, The global existence of Yang-Mills-Higgs fields in 4- 
dimensional Minkowski space, I and II, Comm. Math. Phys. 83 (1982), no. 2, 171—191, 
193-212. 

6. C. Kenig, G. Ponce, and L. Vega, The Cauchy problem for the KdV equation in Sobolev spaces 
of negative indices, Duke Math. J. 71 (1994), no. 1, 1—21. 

7. S. Klainerman and M. Machedon, On the Maxwell-Klein-Gordon equation with finite energy, 
Duke Math. J. 74 (1994), no. 1, 19-44. 

8. S. Klainerman and S. Selberg, Bilinear estimates and applications to nonlinear wave equa- 
tions, Comm. Contcmp. Math. 4 (2002), no. 2, 223-295. 

9. M. Machedon and J. Sterbenz, Almost optimal local well-posedness for the (3+ l)-dimensional 
Maxwell-Klein-Gordon equations, J. Amer. Math. Soc. 17 (2004), no. 2, 297-359. 

10. N. Masmoudi and K. Nakanishi, Uniqueness of finite energy solutions for Maxwell-Dirac and 
Maxwell-Klein-Gordon equations, Comm. Math. Phys. 243 (2003), no. 1, 123-136. 

11. S. Selberg, Anisotropic bilinear L 2 estimates related to the 3D wave equation, Int. Math. Res. 
Not. (2008). 

12. E. M. Stein, Singular integrals and differentiability properties of functions, Princeton Univer- 
sity Press, Princeton, N.J., 1970. 

13. T. Tao, Local well-posedness of the Yang-Mills equation in the temporal gauge below the 
energy norm, J. Differential Equations 189 (2003), 366—382. 

14. Yi Zhou, Uniqueness of generalized solutions to nonlinear wave equations, Amer. J. Math. 
122 (2000), no. 5, 939-965. 

Department of Mathematical Sciences, Norwegian University of Science and Tech- 
nology, N-7491 Trondheim, Norway 

E-mail address: sselbergSmath.ntnu.no 
URL: www.math.ntnu.no/-sselberg 



Department of Mathematical Sciences, Norwegian University of Science and Tech- 
nology, N-7491 Trondheim, Norway 



